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ABSTRACT 
Geometric properties of Calderon-Lozanovskii spaces between Banach function lattices and L” 
arc considered. It is shown that under some general conditions these spaces posses certain mono- 
tonicity, rotundity and uniform nonsquareness properties, Some applications to renorming of 
Lorentz-Orlicz and Orlicz spaces are given. 
0. INTRODUCTION 
Throughout this paper we will let (L’, C, p) be a complete a-finite measure 
space, and Lo = Lo(p) the corresponding space of all (equivalence classes of) 
C-measurable real functions. For two functions x, y E Lo we write x 5 y if 
x(t) < v(t) p-a.e. in L’. For any Banach space E we denote by B(E) its closed 
unit ball and by S(E) the unit sphere. We shall say that E is a Banach function 
lattice on 6’ if it is a linear subspace of Lo with the following two properties: 
(i) If 1x1 I lyl, y E E and x E Lo, then x E E and I/XI/~ 5 Il.vllE. 
(ii) There exists a function x E E which is strictly positive p-a.e. in Q. 
The Banach function lattice E is said to have the Fatou property if 0 5 x, T x 
with x, E E and supn llxnllE < 00 imply x E E and (IxI/~ = lim, IIxnllE. 
For each concave and homogeneous function 11, : rW: + R+ we can associate 
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to any couple of Banach function lattices (Eo, El) on fl the Calderh-Lozanovskii 
space $(Eo, El). It is a Banach function lattice which consists of all functions 
x E Lo such that the inequality 
1x1 5 W(lxol, IXll) 
holds for some X > 0 and Xj E B(Ej) (j = 0, l), with the norm 
II4 $(&,E,) = infk 
where the infimum is extended over all possible values of X for inequalities as 
above (cf. [Lo]). 
It is well known that this construction plays an important role in the theory of 
interpolation spaces, and for the special functions $(s, t) = s ’ -e to (0 < 0 < 1) it 
is related to the complex interpolation method of Calderon [Cl. If EO and El have 
the Fatou property, Ovchinnikov [0] proved that $(Eo, El) is an interpolation 
space between EO and El. 
Let now cp be an Orlicz function; i.e., a convex function cp : R --f R+ which 
satisfies the conditions 9(--u) = v(u), ~(0) = 0, and lim,,, p(u) = 00. Its 
conjugate (or complementary) function cp* is defined by 
V*(u) = ;“,~““I” - cp(~)I. 
Given a Banach function lattice E, we define 
EV = {x E Lo; cp(Xx) E E for some X > 0) 
and the functional p = pV on Lo by 
Then p is a convex modular (for the theory of modular spaces we refer to [Mu]) 
and E,, endowed with the norm 
IIx]IV = inf b > 0; p(i) < 1} 
is a Banach function lattice. 
If E = L’, Eq is the Orlicz space Lp with the Luxemburg norm. If E is a Lorentz 
space A,, where w : [0, I) + R+ is a positive, nonincreasing and locally integrable 
weight function, then EV is the corresponding Orlicz-Lorentz space equipped 
also with the Luxemburg norm. Recall that 
A, = x E Lo; llxll = ix*(t)w(t)dt < cc , 
0 > 
where x* is the nonincreasing rearrangement of x (cf. [BS] and [KPS]). 
In recent years Lorentz spaces have been extensively studied, mainly because 
of their importance in interpolation theory (cf. [BS] and [KPS]). Orlicz-Lorentz 
spaces appear in a natural way as intermediate spaces between L” and Lorentz 
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spaces in the Calderon-Lozanovskii construction (cf. [Masl]). For the geometry 
of these spaces we refer to [AL], [Ha], [Ka2], [Ka3], [Ka4] and [RR]. 
It is worth noticing that in the case of an Orlicz function cp vanishing only at 
zero we have 
E, = $(L==, E), 
where cp(s, t) = scp-‘( t/s), with equality of norms. 
M. Cwikel and S. Reisner, in the interesting paper [CR], proved that if (At,, A 1) 
is a compatible couple of complex Banach spaces and one of them is uniformly 
rotund, then the complex interpolation spaces [Ao,A1], are also uniformly ro- 
tund for any 0 < 6’ < 1. It follows from this result that if E;” is the complex- 
ification of the Banach function lattice E, (i = 0,l) and $(s, t) = s’ -‘to, then 
$(Ei, E,“) is uniformly rotund whenever one of the spaces E,C is uniformly 
rotund. 
This fact was the main motivation to investigate other geometrical properties 
of CalderonLozanovskii spaces generated not only by power parameter func- 
tions, although we have restricted ourselves to the case of couples (L”, E). 
For some general results concerning interpolation of uniform rotundity we 
refer to [Mas2]. 
The paper is organized as follows. In Section 1 we give some basic auxiliary 
results concerning the relationships between the modular pP and the norm I/ 11; 
on EP. Section 2 is devoted to strict monotonicity of EP. We study rotundity and 
uniform rotundity of Ev in Section 3. In Section 4 uniform nonsquareness of 
these spaces is investigated. Finally, in Section 5 we show a method of renorming 
certain EP spaces (in particular, Orlicz -Lorentz spaces) in order to get uniform 
rotundity. 
1. AUXILIARY RESULTS 
Let E be a Banach function lattice on 0 and ‘p an Orlicz function. We write 
‘p E A2 if any of the following properties is true: 
(i) ‘p satisfies the AT-condition for all u E [w; i.e., there is a constant K > 0 
such that (p(2u) < Kp(u) for all u E [w. 
(ii) L” c E, and 9 satisfies the AZ-condition at infinity; i.e., there are two 
positive constants, K and ~0, such that 0 < (p(2u) L: Kp(u) for all u > UO. 
(iii) E c L”, and ‘p satisfies the AZ-condition at zero; i.e., there are two posi- 
tive constants K and uo such that 0 < (p(2u) < Kp(u) if 0 < 1~1 I ~0. 
The following lemma (cf [HM]) will be useful. We include the proof for the 
sake of completeness, 
Lemma 1. Let E be Banach function lattice with the Fatou property and p an 
Orlicz.function such that ‘p E AZ. Then IIxl10 = 1 ifand only ij’p(x) = 1. 
Proof. It suffices to present the proof for the case when L” c E and p satisfies 
the AZ-condition at infinity; the proof in the other cases is simpler. 
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By the Fatou property of E the function 
f(4 = P(XX) 
is left continuous at any point X0 > 0 withf(Xo) < 00. Hence we easily get that 
JJxjIP 5 1 if and only if p(x) 5 1, for x E EP. Since IIx]jV > p(x) if p(x) < 1, the 
equality p(x) = 1 implies that ]IxIIP = 1. 
Assume now that IIx]I, = 1. The function f defined above is convex and 
f(0) = 0. We will prove now that it is finite valued. It is obvious thatf(x) 5 1 for 
0 < X 5 1. Take an arbitrary X > 1. There exist k E N such that X 5 2k. By the 
assumption there exist K and us > 0 such that 0 < 42~) 5 Kp(u) if ]z.z] 2 ~0. 
Define A = {t E R; Ix(t) I > UO}. Then 
0 5 cp(Xx) 5 cp(Xuo)Xn\/l + P(2k4X.4 5 cP(Xuo)xn + KkV(X) 
and thus f(x) < co. The convexity off yields its continuity on R+. 
Now, if p(x) =f(l) < 1, there exists a number X0 < 1 such that f(&) < 1, 
and ]]xII, < l/X0 < 1, which is impossible. IJ 
Lemma 2. Let E and cp be as in Lemma 1. Then for every sequence (xn) in EP we 
have lim, IJx,(IP = 1 ifand only if lim, p(xn) = 1. 
Proof. We restrict ourselves again to the case when L” c E and cp satisfies the 
AZ-condition at infinity. Assume that IJx, I(,+ < 1 for all n E N, and that p(x,) ft 1. 
We can assume without loss of generality that p(xn) < 1 - S for any n E N and 
some 6 E (0,l). Take a > 0 with cp(a) > 0 and b > 1 such that Il~(ba)xnllE < 
6/2. Since ‘p satisfies the AZ-condition at infinity, there exists a number c E (I, b] 
such that 
1 - s/2 
cp(cu) F ~ 1 - 6 4u) 
if 1~1 > a (cf. [HUG]). Define 
A, = {t E G; Ixn(f)l > a} (n E IV). 
Then 
and it follows that ]]xn]l, 5 l/c < 1 for all n E N, a contradiction. 
In the case when IIxn]iP > 1 for any n E N the proof is analogous. 0 
Lemma 3. Suppose that E and cp satisfy the assumptions of Lemma 1. Then for any 
sequence (xn) in EP we have lim, (IxJP = 0 zfand only iflim, p(xn) = 0. 
Proof. It can be easily verified that (Ixnll,+ + 0 if and only if p(Xx,) --f 0 for any 
X > 0 (cf. [Mu]). Therefore we only need to prove that p(2x,,) ---f 0 whenever 
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p(x,) + 0. The proof will be done again in the case when L” C E and ‘p satisfies 
the &-condition at infinity. 
Take an arbitrary E > 0 and choose a > 0 such that p(a) > 0 and 
cp(2a)llxollE < c/2. Let (xn) be a sequence in EV such that p(xn) + 0 and define 
A, = {t E n; Ixn(t)l 2 a}. 
Since 42~) < Kp(u) for any (241 > a we get 
424 I P(2G XA,) + P(2GI Xn\.4,) 
I Wx4 + YG7)ll x& < E 
for sufficiently large n E N. 0 
Remark 1. Lemma 3 and Lemma 2 can be reformulated under the same as- 
sumptions, respectively, in the following form: 
(i) For any E > 0 there exists V(E) > 0 such that p(x) > V(E) whenever x E E,- 
and ]IxIIP 2 E. 
(ii) For any E E (0,l) there exists C(E) E (0,l) such that x E E+ and p(x) <: 
1 - E imply IIx\lQ 2 1 - O(E). 
2. MONOTONICITY PROPERTIES 
Let E be a Banach function lattice. E is said to be strictly monotone (SM) if for 
every x, y E E+ (the positive part of E), x 2 y, I/xlIE = 1 and y # 0 imply that 
IIx - yIIE < 1. Following [B], E is said to be uniformly monotone (UM) if for any 
E E (0,l) there exists S(E) E (0,l) such that x, y E Ef, y 5 x, llxllE = 1 and 
llyll, 2 E imply Ilx - yllE i 1 - n‘(c). E is called locally uniformly monotone 
(LUM) if for any E E (0,l) and x E S(E), x 2 0, there exists S(E, x) E (0,l) such 
thatIlx-yilE<l-S(, ) h E x w enever y E E+, y < x and (/ yIIE > E. 
For the applications of monotonicity properties see for example [AS], [BH I], 
[BH2], [HK], [Kul], [Ku21 and [Ku~]. 
Theorem 1. Let E be Banach function lattice with the Fatou property and cp an 
Orlicz function such that cp E AZ. Then Eq is SM tf and only if E is SM and cp 
vanishes only at zero. 
Proof. Letx,y~E,,x~y~0,~~~~~~=l,y#O.Then,inviewofLemma1,we 
have p(x) = 1. From the superadditivity of cp on R+ the fact that cp is positive on 
R, and the strict monotonicity of E, we obtain 
P(X -Y) = IMX - YNE 5 Ilcp(x) - P(Y)llE < P(X) = 1, 
and hence, by Lemma 1, we get IIx - yllV < 1, which is the desired inequality. 
Suppose now that a(v) = sup{u > 0; v(u) = 0) > 0 and take x > 0 in EV such 
that IIxlj,+ = 1 and p(f2\suppx) > 0. Define y = a(cp)x~\~~~~~. Then cp(x + y) = 
p(x) and consequently IIx + yll, = 1; i.e., EV is not SM. 
Assume now that E is not SM and cp vanishes only at zero. Thus, there exist 
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X, Y E E, 0 5 y < x, x # y, such that J(x(]~ = (JY(]E = 1. Define w = cp-‘( Y), 
z = cp-l(x). Then 0 5 w < z, w # z, p(w) = p(z) = 1. Hence ]]w]]~ = ]]z]]~ = 1; 
i.e., Eq is not SM. 0 
Theorem 2. Let E be a Banach function lattice with the Fatou property and cp an 
Orliczfunction such that ‘p E AZ. If E is LUM (UM) then EP is LUM (UM) ifand 
only ifq.~ vanishes only at zero. 
Proof. Let the assumptions be satisfied and x, y E E,, 0 5 y I x, ]Ix]]~ = 1, 
I] y(], 2 E > 0. Then in virtue of Lemma 1, we have p(x) = 1. By Remark l(i) we 
get p(y) 2 V(E). Therefore, denoting by 6(x, E) the modulus of local uniform 
monotonicity at x E E, x > 0 and corresponding to E > 0; i.e., 
6% c) = llxll - SUPIIIX - VIlEi 0 5 Y I x, II YIIE 2 El, 
we get 
P(X -Y) = ll(P(x - YIIIE 5 Ildx) - (P(Y)llE 5 1 - ~((P(XLdE)), 
hence it follows by Remark 1 (ii) that 
IIX - Yllp 5 1 - fJ(S(cp(x), V(E))), 
so EP is LUM. The necessity of the fact that ‘p vanishes only at zero follows from 
Theorem 1. The proof of the uniform monotonicity is essentially the same. q 
Note that if we restrict ourselves inTheorems 1 and 2 to the case of E = L’, we 
obtain the sufficience parts of criteria given in [Ku2] for Orlicz spaces to be SM, 
LUM or UM. 
3. ROTUNDITY AND UNIFORM ROTUNDITY 
We start with the definitions. A Banach space X is said to be rotund if for 
every x, y E S(X), x # y, we have (Ix + y]] < 2. X is said to be uniformly rotund 
(UR) if for every E E (0,2] there exists 15(s) E (0,l) such that ]](x + y)/2)( 5 
1 - 6(&). The function 6~ : (0,2] + [0, I] defined by 
6X(E) =inf 1 - 
{ II?+ 
]]x/( 5 1, I] yll 5 1, IIX - Yll 2 E 
I 
is called the modulus of convexity of X. Of course, X is UR if and only if 
6x(e) > 0 for every E E (0,2]. 
In the sequel we shall use the fact that in the definition of uniform rotundity of 
a Banach function lattice we can restrict ourselves to positive elements (cf. 
NW. 
Theorem 3. Let E be a SW Banach function lattice with the Fatou property, 
and ‘p a strictly convex Orlicz function (i.e., cp convex and cp((u + u)/2) < 
(P(U) + q(v))/2 h w enever u, v E R, u # u), and let cp E AZ. Then EP is rotund. 
Proof. Let x, y E S(E,) and x # y. In virtue of Lemma 1, p(x) = p(y) = 1. 
Moreover, cp((x + y)/2) < (p(x) + y( y))/2 by the strict convexity of cp and the 
assumption that x # y. Now, E being SM, we get 
P ( > y <; {P(X) + P(Y)> = 1, 
and 11(x + y)/21(, < 1, by Lemma 1. This means that E,+ is rotund. q 
Theorem 4. Let E be a rotund Banach function lattice with the Fatouproperty, and 
cp an Orlicz function vanishing only at zero. If cp E A2 then E, is rotund. 
Proof. Suppose that x, y E S(E,), x # y, and define 
A = {t E @x(t) #y(t)}. 
If Ix(t) I = j_y( t) I for p-a.e. t E 6’ then x(t) + y(t) = 0 p-a.e. in A. Since x # y we 
have p(A) > 0, and consequently 
Since rotundity of E implies that it is SM, we get 
P ( 1 F <;{P(x)+P(Y)l=l. 
By Lemma 1 it follows that /1(x + y)/21/, < 1. 
Consider now the case when Ix(t)/ # Iy(t)l on a subset B of A with p(B) > 0. 
Then p(x) # ‘p(y) and p(x) = p(y) = 1 by Lemma 1. Rotundity of E yields now 
p(F) 5 Iif (Y(X) + Y(Y)) III < 1. 
Applying again Lemma 1, we get II (x + y)/2/l, < 1; i.e., EP is rotund. 0 
Theorem 5. Let E be an UR Banach function lattice and ‘p be an Orlicz,function 
vanishing only at zero, with cp E AZ. Then EP is UR. 
Proof. It is obvious that the uniform rotundity of E implies the Fatou property. 
Assume that x, y E Ez, lixIIV < 1, IlyllP 5 1 and 11.x - yll, > E, where E E (0,2]. 
Then p(x) < 1, p(y) < 1. In view of Remark l(i) we have p(x - y) > V(E). By 
superadditivity of cp on [w+, 
P(U - u) I IV(U) - cp(v)l 
for every u, u E Iw+. This implies that lip(x) - ‘p( y)IIE > V(E). Applying the uni- 
form rotundity of E we get 
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In virtue of Remark l(ii) we get 
II II T < 1 - a(SE(q(&))). ‘p 
Since CJ(~E(~(E))) E (0,l) and it is independent of x, y, the proof is finished. q 
We say that an Orlicz function cp satisfies Clarkson’s inequality if 
for every u, ‘u E [w. It is known that if G is an Orlicz function then the Orlicz 
function p(u) = $(u2) satisfies Clarkson’s inequality (cf. [HUG]). It is natural to 
ask for a characterization of Orlicz functions which satisfy this inequality. 
Remark 2. By superadditivity of Orlicz functions, it easily follows that Orlicz 
functions which satisfy Clarkson’s inequality are exactly the compositions ‘p o T+!J 
of an Orlicz function cp that vanishes only at zero and an Orlicz function 1c, satis- 
fying Clarkson’s inequality. In particular the function (p(uP) with 2 5 p < cc 
satisfies Clarkson’s inequality. 
Theorem 6. Let E be a UM Banach function lattice and ‘p an Orlicz function 
satisfying Clarkson’s inequality, and such that cp E AZ. Then EP is UR. 
Proof. UM Banach function lattices have the Fatou property (cf. LB]). Let x, y E 
E,, IIxllp I 1, II _J$ L 1, and IIx - yll,+, 2 E, where E E (0,21. Then P(X) 5 1, 
p(y) 5 1 and, in view of Remark l(i), we have p((x - y)/2) 2 77(&/Z). It is easy 
to verify that the uniform monotonicity of E implies that for any c E (0, l] and 
E > 0 there exists 61 = 61 (c, E) > 0 such that, if x, y E E+ with c I IJxIIE I 1 and 
llvllE 2 E, we have 
IIX +YllE 2 IME + 61 IIYIIE 
Inthecasep((x+ y)/2) < 1,fromRemark l(ii)weget 11(x+ y)/2)/, 5 1 -g(l). 
Assume now that p((x + y)/2) > i. Since p((x - y)/2) L 7(~/2), we obtain 
Hence 
and by Remark 1 (ii) we get 
x+Y II-II 2 9 I 1 - a(c) 
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with CI(E) = (T(~I(Q(E/~))) E (0,l). q 
Remark 3. The assumptions of strict convexity of cp in Theorem 3, and of ro- 
tundity and uniform rotundity for E in Theorem 4 and Theorem 5, respectively, 
are not necessary in general. 
In fact, two Orlicz functions cp and $ satisfying the AZ-condition for all u t Iw 
can be produced and such that no one of them is strictly convex but cp o ~1 is 
uniformly convex and satisfies the AZ-condition for all u E [w. They can be defined 
as follows: 
P(U) = C (2fJ if (~1 <_ 1 u2 if Iu( > 1, 
$(u) = 
{ 
u2 if Iu] < 1 
21~1 - 1 if \uI > 1. 
Then 
(‘O ‘)(‘) = { ‘;:u] - 1)2 
if JuI 5 1 
if IuI > 1 
and it is easy to verify that ‘p o $ and (‘p o $)* satisfy the AZ-condition for all 
u E Iw, and that (‘p o +)(&) is a convex function. 
Therefore, by Remark 2, ‘p o $ satisfies Clarkson’s inequality and so it is uni- 
formly convex. 
Thus, we obtain that the Orlicz space Lp” Q is UR and we have L+“” = (LW),,, 
with equality of norms. But Lq is not rotund, because cp is linear on the interval 
(0,l). This shows that it can happen that E is not rotund and 11, is not strictly 
convex, but E, is UR. 
For the definition of uniformly convex Orlicz functions see [Lu]. A useful 
criterion for an Orlicz function cp to be uniformly convex in terms of the right 
derivative 9’ was given in [Ak], and for some examples see also [Hull. 
4. UNIFORM NONSQUARENESS 
Recall that a Banach space X is said to be uniformly nonsquare (UNSQ) if 
there exists a number 6 E (0,l) such that min(llx+yll,, I/x - yllx) 5 2(1 - 0) 
for every x, y E B(X). This notion was introduced by R.C. James in [J] and he 
proved that UNSQ Banach spaces are reflexive. UR Banach spaces are of course 
UNSQ, and James theorem is much stronger than the corresponding theorem 
about reflexivity of UR Banach spaces. 
For a given UM Banach function lattice E we define on (0, a) its modulus of 
monotonicity 77~ by 
n(~) = VE(E) = inf{llx+vllE - ~;x,Y 2 0, IME = 1, IIYII~ 2 ~1 
and for any c E (0, l] we define a modified modulus of monotonicity ni of E by 
V’(E) = &(E) = inf{IIx + yll, - lIxllE; x Y 2 0, c 5 ME 5 1, llyllE 2 g1 
for E > 0. It is obvious that +(E) > CT(E) for all c E (0, l] and E > 0. 
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Theorem 7. Let E be a UM Balzach function lattice md cp an Orlicz function such 
that p E A,. Define 
and assume that 6 > 0 and 
(1) VE(l) > 1 - 6. 
Then Ep is UNSQ. 
Proof. Assume that X, y E E,, JIxI(+, 2 1, /]v]jP 5 1. The inequality 
(2) min(+7(~)~~(~)) 5q{P(u)+P(r~)) 
is easily checked. Hence it follows that 
By the continuity of 17~ on the interval [0, l] (cf. [AS]) and by (l), there exists 
c E (0,l) such that 
v;;(c) > 1 - 6. 
Now we consider two cases, Assume first that p((x + y)/2) 5 c or p( (X - JJ)/~) 5 
c. Then, in view of the fact that all UM Banach function lattices have the Fatou 
property (cf. [B]) and Remark l(ii), we get 
Assume now that p((x +y)/2) > c and p((x - y)/2) > c. Then, by the uniform 
nonsquareness of E and (31, we get 
and so 
P ( 1 y < 2 - 6 - g(c) = 1 - 6, 
where, by (l), b = f(c) + 6 - 1 E (0,l). From Remark l(ii) we obtain 
X+Y 
Ii II 2 io 5 1 - c(b). 
Therefore, we have for every X, y E B(E,) 
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-in(ll~II,.Il~I~.> 5 1 - min(fl(h),a(l - c.)) = 1 - d 
Since d E (0, l), the theorem is proved. 0 
Note that the fact that the number 6 defined in Theorem 7 is positive is 
equivalent o cp* to satisfy the AZ-condition for all u E IF! (cf. [HUG]). 
Theorem 8. Suppose that E is a Banach,function lattice with the Fatou property 
such that there exists c > 1 satisfying 
(4) cllx +yll, 2 ll4E + IIYIIE 
,for any x and y in E with disjoint supports, and cp E AZ. Zf (2 - 6) c < 2, where 6 is 
the number defined in Theorem I, then Eq is UNSQ. 
Proof. Let x, y E B(E,) and define 
A = {t E @x(t)y(t) 2 0). 
Taking into account inequality (2), we get 
and by convexity of p: 
P( 7 XA) i ; (P(XXA’) + P(YXAO)> 
P( 7 XA) 5; MXXA) +P(YXA)). 
Adding up both sides of these inequalities, we get by (4) 
p(y)+(y) 
I y MXXA) + P(xxA’)l+ q {P(YXA) + P(YXA')l 
+; MXXA) + P(XXA’)) +; MYXA) + P(YX.40) 





By Remark 1 (ii), we get 
Since (~(1 - b/2) E (0, l), EV is UNSQ. q 
Remark 4. Abstract LY-spaces E, 1 5 p < 00 satisfy inequality (4) of Theorem 8 
for x, y E E, x I y, with constant 2’14, where 1 /p + 1 /q = 1. However, there exist 
Banach function lattices satisfying this inequality with some c > 1 which are not 
abstract LJ’-spaces with 1 5 p < 00. Consider for example 
E = 1x E LO((O, 2)); II& = llxx(o,1)ll,, + Il~X(1,2)Il,, < co)? 
where 1 5 p1 < p2 < 00. Then E satisfies the inequality with c = 2’142, where 
l/P2 + l/q2 = 1. 
Remark 5. If E = L’ in Theorems 7 and 8 we get exactly the sufficience part of 
the theorem in [Hu2] characterizing UNSQ Orlicz spaces Lp equipped with the 
Luxemburg norm and defined over an infinite (but a-finite) measure space. In the 
general case of E9 spaces, for any E, it is difficult to prove that the assumptions in 
Theorems 7 and 8 are necessary for EV to be UNSQ. 
5. SOME APPLICATIONS TO RENORMING 
In this section we present some results concerning renorming of Banach 
function lattices of type EV in such a way that under a new (equivalent) norm it 
becomes UR. Recall that for a given number p, 1 < p < 00, and a Banach func- 
tion lattice E, the p-convexzJ%ation of E (cf. [LT]) is the Banach function lattice 
E(P) which consists of all x E Lo such that JxlP E E, equipped with the norm 
llxll = lll~l”ll~p 
Note that for cp( t) = It Jp we have E(P) = EV with equality of norms. 
In what follows for a given Orlicz function ‘p such that ‘p* E AZ, we define the 
lower Simonenko index of cp (cf. [Mall) 
w’(t) 
P(V) = jJ$ io(t) ’ 
where A, is one of the intervals [0, a], [a, CX) or (0, oo), and a > 
cp(a) = 1, if cp* satisfies the AZ-condition at zero, at infinity or 
respectively. 
0 is such that 
for all u E [w, 
Theorem 9. Let cp E A2 be an Orlicz function such that ‘p* E A2 and E be a Banach 
function lattice such that E(p) with p = p(p) is uniformly rotund. Then EV can be 
renormed to be unz~ormly rotund. 
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cp(u) for Iu] E A,. 
Clearly (p and Cp’ satisfy the &-condition for all u E [w and E+ = E,. Since 
p(G) = p(p) = p, the function (pp(u) = @(u)“~/u is nondecreasing on (0, CG). 
Thus, it follows that the function 
ti(u) = ‘fE’ (pp(t) dt 
0 
is convex and vanishing only at zero. Moreover, we have 
(5) (P ; 
0 
< $P(u) < G(u) for each u E Iw. 
This yields that EV = (E(p)),. Since I,/J satisfies the &-condition for all u E [w and 
E(P) is UR, Theorem 5 holds, yielding that (E(p))+ is UR. By (5), the new norm 
generated by 1c, is equivalent to the original one. q 
Corollary 1. Let (0, C, p) b e a nonatomic measure space and w : [0, y) + Iw+ a 
weightfunction, with y = ,a(fi). Suppose that +(s) = 6 w(t) dt,fir s E [0, y) sat- 
isjies 
(i) infocs<, ($(2s)/$(s)) > 1 whenever y = cx) and+(s) 4 M, 
(ii) infO.,Y,,, (74(2s)/7,!4s)) > 1 fir some SO > 0 whenever y < cc. 
Then for any Orlicz function ‘p E & with ‘p* E & the Lorentz-Orlicz space A,,,, 
can he renormed to be uniformly rotund. 
Proof. It follows by Halperin’s result [Ha] from which we have that under our 
assumptions the space (A,) (p) is UR for any 1 < p < CCI. Since AP+ = (A,), and 
L” c ilW when y < 00, Theorem 9 applies. 0 
Corollary 2. (Cf. [Ak] and [CH]). An Orlicz space Lp can be renormed to be uni- 
formly rotund ifand only ifit is rejexive. 
Proof. It follows immediately from Theorem 9 by uniform rotundity of LP- 
spaces for I < p < 00, the equality L” = (L’), and the well known fact that 
reflexivity of LP is equivalent to cp, cp* E &. Cl 
Let us remark that the proof of Corollary 2 is different from the one given in 
[Ak] and [CH], where the criteria for uniform rotundity of Orlicz spaces were 
used. 
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